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Introduction

Imagine a random continuous population with the following
dynamics:
@ Each individual reproduces independently, with the same law
(as in a continuous-state branching process (CSBP))
@ At constant rate, two individuals are picked in the population,
and one kills the other (quadratic competition).
The total size of the population, say (Z¢, t > 0), is called logistic
continuous-state branching process (Lambert 2005). Formally,

dZ; = CSBP dynamics — szdt (1)

This is a random analogue of the logistic functlon introduced by
Verhulst (1844) and solving:

dz; = vz dt — Eztzdt. (2)

One can solve (2) explicitely. There is an equilibrium at 2 and it
can be started from oo.



A Competition destroys the branching property. The aim is to
study these processes with general branching mechanisms,

including those for which CSBPs explode in finite time.

Questions

@ Are there strong enough reproduction laws to face the
competition and explosion to occur? (oo accessible.)

@ If the process does not explode, is it possible to start it from
infinity 7 (oo entrance.)

© If the process explodes, can we extend it after its first
explosion time continuously or not? (co regular or exit.)

Q ..

@ (1) will be solved by arguments of “time-change”,

@ (2) and (3) by “duality”. We will find NAS conditions for oo
to be regular and build an extended process (Z;, t > 0) with
oo regular reflecting, namely s.t.

AM{t>0,Z; =0})=0as.
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Feller's boundary classification

Consider a process valued in an interval (a, b) with a < b € [0, o],

@ the boundary b is accessible if the process enters into b with
positive probability. If b is accessible, then
e when the process cannot get out from b, the boundary b is
said to be an exit
or
e when the process can get out from b, the boundary b is called
a regular boundary.
@ If the boundary b is inaccessible, then
e when the process cannot get out from b, the boundary b is
said to be natural
or
e when the process can get out from b, the boundary b is said to
be an entrance.
In the case of a diffusion, integral tests for each possible boundary
are known in terms of the scale function and speed measure,
(Feller (1954)).
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When a boundary b is regular, the process after hitting b can be
extended in several ways, for instance:

@ b is regular absorbing; the process stays at b.

@ b is regular reflecting, the process leaves b instantaneously
and does not spend any positive Lebesgue time on it.
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Minimal Logistic CSBPs: definition

Recall the form of a branching mechanism W
o2

() = A+

+o00o
— 22 fyz+ / (€7 =14 2xT{x<q}) m(dx)
0
and LOSBP the generator of the CSBP(W), to incorporate

quadratic competition, one sets

LF(z) = LEPPf(2) - Z22F(2).

Definition

|

A minimal logistic continuous-state branching process is a cadlag
Markov process (Z™"",t > 0) on [0, 00] with 0 and co absorbing,
satisfying : For any function f € C2((0,00)), the process

£ £ (Z27i) /L‘f mn) ds  (MP)

is a martingale under each P,, with ¢ := inf{t > 0; Z; ¢ (0,00)}.

v
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Existence/uniqueness & explosion

There exists a unique minimal logistic CSBP.

Theorem (Accessibility of o)

Assume ¢ > 0. The boundary oc is accessible for (Z™" t > 0) if

and only if
0 0
— / 1 exp (2/ ) du) dx < oo,
0 X cJy u

for some arbitrary 6 > 0.

Remark

If X > 0 then £ x fox%_ldx < 0co. & )\ > 0 is not necessary for
having £ < oo.




Logistic CSBPs
©00®0000

Elements of proof: Existence and Explosion
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Existence: time change an OU process (Lambert 05)

Let (R, t > 0) be an Ornstein-Uhlenbeck type process defined by
Ri=z+Y;—5 [ Reds

where (Y, t > 0) is a sp Lévy process with Laplace exponent V.

Let t — G :=inf{u > 0;0, > t} € [0,00] be the right-inverse of

L tAog ds
Or = Jo R,

where gg ;= inf{t > 0, R < 0} and set

Rct 0§t<900
Ztmi": 0 t > 0y and g < 0

o t>60s and o = .

(ZMin t > 0) is a minimal logistic CSBP (i.e. solves MP).
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Explosion criterion

The process (Z™" t > 0) hits oo if and only if o9 = oo and

* ds
00—900—/ — < Q.
C 0 RS

Shiga (PTRF 90) shows that (Rs,s > 0) is recurrent if £ = oo and
transient if £ < oo:

o if (Rs,s > 0) is recurrent then [;* 4 = 00 on {09 = oo}.

e if (Rs,s > 0) is transient, one will show that on {op = o0}

[72 <o
o K

(R, t > 0); 8.8 £ <00, 00 =00 (Zmin ¢ > 0): time-changed process

(transient OU process):

ZMin = oo for t > (oo

Ry —> o0 ast — oo.

\J

v

(o= Jo &
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Elements of proof: transience of R = explosion of Z™?"

The Laplace transform of R is given by

S
E,(e %) = exp <_ge—§52 +/ W(e‘gue)du> ,
0

see e.g. Sato's book. Let b > 0. By Tonelli, one has

00 1— e—bRs
S s
—GR dX —xz+f9 2¥(v
*)dsdf = d@

. . . 0 2\U .
The upper bound is finite as soon as £ = f e J5 dvix is

finite.
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Thus if £ < 00,

1 _ —bRs
E, </ I:ds,aozoo> < 00.
0 s

We deduce then that on the event {og = o0},

_ A—bR.
fooo 1‘7?7Sds < 00 a.s.
S

Since £ < 00, R — o0 a.s on the event {op = 0o} and
S—00
1—ebRs

Rs

Ri a.s. Therefore
s—o0 'S

Pz</0 (z<oo|00:oo>:1,

and the process (ZM", t > 0) explodes.

There is no transience in LCSBPs, in the sense that the only way
to converge towards oo is to hit it.
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Generalized Feller diffusions and the key lemma

For all x € [0,00[ and z € [0, 00, let ex(z) := e™* = e,(x), then

Lemma (Laplace's duality of generators)

For any x,z € (0, 00)
Lec(z) = Ae,(x) with Af(x) = $xf”(x) — W(x)f'(x).

| N
A\

Proof

Le(z) = V(x)zex(2) + Sxz%ex(z) = —\Il(x)aegix) - %x82§;gx). O

v

We call W-generalized Feller diffusion, a diffusion with generator
A. WV is locally Lipschitz on (0, 00) thus 3! strong solution to

dUt \/ CUtdBt — Ut dt

up to 7 := inf{t >0, U; ¢ (0,00)}. & 0 can be exit, regular or
entrance and there is not a unique semi-group associated to A
(nor to L).
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The possible behavior at the boundaries are as follows

Condition Boundary of U Boundary of “ Z "

E =00 0 exit 00 entrance

E<ooand0< % < 1 | 0 regular (absorbing) | oo regular (reflecting)

Q >1 0 entrance 00 exit
I W 00 o0 entrance 0 exit
[T = oo natural 0 natural

Table: Boundaries of U and boundaries of Z

Zi|| (a) Z{T| (b) Z

E=00 ¢ E<oo,A=0 1t 0<2)\e<1 t 22/e>1 t
Figure: schematic representation of the four behaviors at co.



Logistic CSBPs

[ Je}

Infinity as an Entrance Boundary: £ = o

In the sequel, we say that a process (Z;,t > 0) extends the
minimal process if (Zia¢,.,t > 0) £ (ZMn t > 0) under P, for any
z € [0, 00).

Theorem (Infinity as entrance boundary)

Assume £ = oo then 0 is an exit of (U, t > 0) and (Z™", t > 0)
can be extended to a Feller process (Z;,t > 0) with co as an
entrance boundary, such that for all t > 0, all z € [0, o], all
x € [0, 00)

Ez(efxzt) _ Ex(efot)

in particular for z = oo,
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Example

Consider a € (0,2], @ # 1 and ¥(z) = (o — 1)z, then £ = o0
and oo is an entrance boundary. For any t > 0, z € [0, ] and
x € [0, 00|

E,(e7%) = Ex(e~2%) with dU; = v/cU:dB; + (1 — a)U2dt,

the boundary 0 of (U, t > 0) is an exit.

Note that when a € (0, 1), the CSBP without competition
explodes, so that here competition prevents explosion.
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Infinity as regular reflecting boundary: £ < oo & % <1

Given W and k > 1, define 7y = mjjg « + (7(k) + A)dx and a
branching mechanism W, by

2

Vi(z) = %22 +yz+ /0 (€7 — 14 zxI4e(0,1)) mk(dx).

Call Z(¥) the cadlag logistic CSBP with mechanism Wy and oo as
entrance boundary.

Theorem (Infinity as regular reflecting boundary)

Assume £ < o0 and 0 < % < 1, then Z(K) — Z where Z is an
extension of Z™" with oo regular reflecting, and for all t > 0, all
z € [0,00] and x € [0, 00),

E,(e %) = E, (e ?Y)

where (U2, t > 0) is solution to (%) with O regular absorbing.
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Infinity as Exit Boundary: % >1

Proposition

If € < 0o and % < 1 then oo is regular for itself, namely
Soo :=inf{t > 0, Z; = 0o} is such that Po (S = 0) = 1.

In particular, there is a local time at co. Assume now % > 1,
recall (Z(F) k > 1).

Theorem (Infinity as exit)

Assume 2 > 1 then 0 is an entrance for (U, t > 0), and
7zW = 7

where Z is an extension of Z™"  with oo exit and for all t > 0, all
z € [0,00] and x € (0, 00),

E,(e %) = E (e 2%).
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Example (— Fast-fragmentation-coalescence process, Kyprianou et

al. AoP17)
Let A > 0 and 7 = 0 in order that W(x) = —A for all x > 0.
o If % < 1 then oo is regular reflecting and

E,(e %) = Ex(e~2%) with dU? = /cU%dB; + Adt and 0
regular absorbing.

o If % > 1 then oo is an exit and
E, (e *%) = E,(e~2Y) with dU; = v/cU;dB; + Adt, and 0 is
an entrance.

Example with continuous explosion

Consider & > 0, > 0 and set 7w(du) =

(Iog u(log u)? ]l{”>2}du

o If 27"‘ < 1 then £ = o and oo is an entrance boundary.
o If 27"‘ > 1 then £ < o and oo is a regular reflecting
boundary.
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Figure: simulation of a W-generalized Feller diffusion U reflected at 0,
V(u) ~ —a/ log(1/u) as u goes to 0.
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Theorem (Stationarity)

Assume V of the form
o0
V(z)=—-A—dz— / (1— e *)m(duw)
0

with A >0, 6 >0 and [;°(1 A u)m(du) < co. Assume 0 < 22 < 1
and define the condition

(A): (6 =0 and 7(0) + A < ¢/2).

- If (A) holds then (Z:,t > 0) converges in probab. to 0.

- If (A) is not satisfied then (Z;,t > 0) converges in law
towards the distribution carried over (2‘S o0) whose Laplace

transform is
[ exp< J 2“2(2)dz) dy

Jo~ exp ( 4 2“22) dz) dy.

x € Ry = E[e7*%=] :=
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Theorem (long-time behavior, 0 < =2 < 1)

Let (Z:,t > 0) be the extended process started from z € (0, c0).
1) Ifo< @ <1 and W(z) > 0 for a certain z > 0 then

1-1) Iff°° dis = 0o, then Z; >0 for all t > 0 a.s. and Z, — 0
W(u) t—00

1-2) Iffoo d” < 00, then (Z;,t > 0) is absorbed at 0 in a finite
time a. s

Figure: Schematic representation of the two behaviors at 0
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Theorem (long-time behavior, % >1)
2) If 2 >1 and W(z) < 0 for all z > 0 then (Z;,t > 0) is
absorbed at oo in finite time a.s.
3) /f% >1 and W(z) > 0 for a certain z > 0 then

P,(Z: t;)@ 0)=1-P,({e0 < 00)
o0 e—2U u 2¥(v

fo & exp (— 9 C\(/)dv) du
Ooo L exp (— 9u 2w(v)dv> du

and Z; > 0 for all t > 0 a.s. iff [~ wd(lllj) = 0.
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Proofs: construction of the extensions
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A first duality result

Recall e,(z) = e,(x) = e and Le,(z) = Ae,(x) for x,z € (0, 0).

Lemma (Laplace's duality lemma)

Assume £ = c0. Vz € [0,00), Vx € (0, 00),

Ecle™%"] = B e,

Sketch of proof.

See Ethier and Kurtz (corollary 4.15 p196). Assume U and Z™" '
independent, by the martingale problems for U and Z™", using that Z™"
does not explode and that 0 is an exit for U, we get

d

TE(e Y ET) = E (Ley_,(Z5™) — Aegpn(Ur—)) = 0.

Hence _ )
E(eU—sZ") =E(e7U2) = E(e%").




Sketch of proofs
00®000000

Theorem (Stationarity)

Assume V of the form
o0
V(z)=—-A—dz— / (1— e *)m(duw)
0

with A >0, 6 >0 and [;°(1 A u)m(du) < co. Assume 0 < 22 < 1
and define the condition

(A): (6 =0 and 7(0) + A < ¢/2).

- If (A) holds then (Z:,t > 0) converges in probab. to 0.

- If (A) is not satisfied then (Z;,t > 0) converges in law
towards the distribution carried over (2‘S o0) whose Laplace

transform is
[ exp< J 2“2(2)dz) dy

Jo~ exp ( 4 2“22) dz) dy.

x € Ry = E[e7*%=] :=
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Infinity as an Entrance Boundary: sketch of proof

Recall

Bofe 7] = Exfe 7).
o Set Piey(z) := E,[e %] for z € [0, 00[ and

Piex(00) := lim Ez[e_XZFin] =P (U; = 0).

Z—00

@ Since £ = o0, 0 is an exit of U and Py(U; = 0) > 0.

o x = P, (U; = 0) = Py(70 < t) is the Laplace transform of a
probability entrance law 7, i.e. forany t >0and s >0

Nt4+s = 7’]tPs

and (P, t > 0) is a Feller semigroup on [0, cc].



o Let (Z;,t > 0) be a Feller process with semigroup (P¢, t > 0).
By definition: for any z € [0, 00):

E,[e %] = Ei[e?]

and
Eoo[e %] = Ex[e Y] = P, (U, = 0).

Hence it has co as entrance boundary.

Poo(Z: < 00) = lim Eoo (%)
X—
= g, Bl =0
= Py (Ur = 0) = 1.

Hence oo is instantaneous.
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Infinity as regular reflecting boundary: sketch of proof.

Assume £ < oo and % < 1. Set ng) the Wy-generalized Feller
diffusion and Z(k) the LCSBP(Wy, c): Z(¥) does not explode and
by the previous result has co entrance and

(k) (
Ez[efotk ] — Ex[efotk)]

where U9 has 0 exit.
@ For all x, Wy 1(x) < Wi(x) so by the comparison theorem:

Ut(kH) > ng) for all t a.s. and Ut(k) — U§°O) as k — oo.

0 is an exit for each U

»

(k) o (k+1) Lo




o Since ||AWFf — Af||o — 0 for any f € C2,

(Uﬁoo), t < 71%) 2 the minimal diffusion with generator A

7% = inf{t; Uﬁoo) =0} and Py (7 < o0) > 0 since 2 < 1.
@ Since 7° > 7(K) and 0 is an exit of (ng), t>0), on
{1 < o0}

Ul =lim U . =o.

Thus (Ugoo), t > 0) has 0 regular absorbing.
To sum up, when £ < oo and % <1

(k) a
Ex[e—zUt ]kjgo Ex[e—zUt]

where (U2, t > 0) is the W-generalized Feller diffusion with 0
regular absorbing.
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Let (Pt(k), t > 0) the semi-group of (Zt(k), t >0). Set
Pree(z) == lim PP (z) = Ey[e 2]
k—o00

Stone-Weierstrass entails that P;Cp, C Cp, where
Cp := C([0,¢],R). One has

HPt(k)ex — Piex||loo = sup (]Ex[e*zuf(k)] — Ex[e*ZU?]> — 0

z€[0,00] k—o0

Stone-Weierstrass again entails Hng)f — P¢f|]oc — 0 for any
f e Cpand
@ (P, t >0) is a semigroup with the Feller property.
@ Unif. conv. of semigroups implies convergence in D
(Ethier-Kurtz (Thm 2.5 p167)), thus:
(z¥9 ¢ > 0) = (Z,t > 0)
Let (Z:, t > 0) be the Markov process on [0, oo] with semigroup

(P, t > 0). One has .
E, [e7] = E,[e~2Y7].
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It remains to show that Z is an extension of Z™". One has for any
feC?
ILBVF — LF||oo — 0 as k — o0

and thus (Za¢..,t > 0) solves (MP). By well-posedness,
(Zencoort > 0) 2 (Z7 £ > 0).
Conclusion: when £ < oo and % < 1, oo is accessible and
Eoo[e %] = P (U2 = 0) = Py(10 < t) > 0
and oo is regular for Z. Moreover for any z € [0, o0,
—zU0
P,(Zy < o0) =Egi e ?7t] =1

and oo is reflecting.
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e What happens in the process past explosion is entirely
encoded in the law of the first hitting time of 0 of U.

e We have so far not obtained precise information on the
first explosion time, the local time at oo and the excursion
measure. The construction given previously of the LCSBP
Z reflected at oo does not allow us to describe the latters.

In the remaining time, we now state some results in this
direction.
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In order to go further in the description of the reflected process Z,
we will use a second duality relationship: for any x,y € (0, 00) and
t >0,

Pa(Ur < y) = By(x < Vo), 3)

where the process (V;, t > 0) is the so-called Siegmund dual
diffusion of U.

Laplace dual Siegmund dual
— —

Z U V. (4)

By combining the two dualities one can check that for any t > 0
and all z,x € (0, 00),

E,(e %) = /o ze PP, (Ve > x)dy. (5)
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Digression: Siegmund duality for one-dimensional diffusions

Theorem (Diffusions and Siegmund duality)

Let 02 be a C1 strictly positive function on (0,00) and u be a
continuous function on (0,00). Let (U, t > 0) be a diffusion over
(0, 00) with generator

A F(x) 1= 502 ()F"(x) + p(x)f'(x)

such that oo is either inaccessible (entrance or natural) or
absorbing (exit or regular absorbing). Then for any 0 < u,v < co
and any t > 0

P,(U: < v) =P, (V; > u), (6)

with (Vi, t > 0) the diffusion whose generator is

Gf(x):= %az(x)f”(x) + <1d02(x) — ,u(x)> f'(x). (7)
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Let Sy and My be the scale function and the speed measure of U.
Up to some irrelevant multiplicative constants, we have the
equalities

SU = M\/, My = Sy.

The following correspondences for boundaries and longterm
behaviors of U and V hold:

V) %4
0 exit 0 entrance
0 regular absorbing | 0 regular reflecting
0 entrance 0 exit
o0 exit oo entrance
oo & 0 attracting | positive recurrence

Table: Boundaries of U, V.
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The Siegmund dual of (U, t > 0) is the diffusion (V¢, t > 0)
solution to an SDE of the form

th = \/ CthBt + (C/2 + \U(Vt))dt, VO =Yy € (0, OO),

(8)

where (B, t > 0) is some Brownian motion and whose boundary
condition at 0 and oo are given in correspondence with that of U

in the following way:

Integral condition Boundary of U Boundary of V
&= 0 exit 0 entrance
E <00 & 2\/c < 1| 0 regular absorbing | 0 regular reflecting
20\/c>1 0 entrance 0 exit
[ wd(’;) =00 oo natural oo natural
< 00 00 entrance o0 exit
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Gathering the correspondences displayed in previous tables, we
obtain the following ones between V and Z. Notice that the
boundaries 0 and oo are exchanged but the behaviors of the
processes are not anymore.

Boundary of V Boundary of Z
0 entrance 0o entrance
0 regular reflecting | co regular reflecting
0 exit o0 exit
oo natural 0 natural
o0 exit 0 exit

Table: Boundaries of V, Z.
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Denote by T, the first hitting time of y € [0, oo] of the diffusion
(Vi,t > 0) and set ¥ its generator:

S < '
GF(x) = oxf"(x) + (5 + V() F(x). (9)
Then, from the general theory of one-dimensional diffusions, the
Laplace transform of T, is expressed, for any 6 > 0, as
hi (x) <
) Sy
Ege ™= pt (10)
£ x>y,
hg ()’)

and functions h, and hg are C2 and respectively decreasing and
increasing solutions to the equation

Ih(x) := xtl'(x)+(5 + W(x)) H(x) = 0h(x), for all x € (0,00).

(11)
with appropriate boundary conditions at non natural boundary
points.
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Denote by e, an exponential random variable independent of V
with parameter z, and by Tj= the first hitting time of point y by
the diffusion V started from e,.

Theorem (Laplace transform of the extinction time of LCSBPs)

For any 0 < z < o0 and 6 > 0,

o +(x .
E,[e %] = /0 Zele:;f((oo)) dx =E[e 7] € [0,00) (12)

In particular, if oo is not absorbing for Z (i.e. if 2\/c < 1) then

Eoo[e 0] = Egle=?7] € (0, o).
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Theorem (Laplace transform of the first explosion time of LCSBPs)

—0Co01 __ * th_(X) . —0Ty*
E,[e% ]—/0 ze h;(o)dx—E[e 970" € [0, 00).

Theorem (Local time)

Assume oo regular reflecting (€ < oo & 2\/c < 1),

© the local time at oo of Z, (LZ,t > 0) has the same law as the
local time of V at 0, (LY, t > 0), for a certain deterministic
multiplicative factor.

@ the Laplace exponent of the inverse local time subordinator
(£,0< x < &) iskz: 0+ 1/h,(0).

© In addition,

rz(0) = 1/5z(0)

2VU(y)
o Y € (0,00],

with S7(0) := [ Ldxe™ )
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Corollary

Assume8<oo&%<1,setI::{t>0:Zt:oo},

dimy(Z) =2X\/c € [0,1) a.s.

Example

© A specific example is given by the case ¥ = —X with A > 0.
In this setting, the diffusion V is solution to the SDE

dV; = /cVedB; + (c/2 — N)dt.

Therefore, V is a squared Bessel diffusion with non-negative
dimension and the inverse local time at 0 of V is a stable
subordinator with index 2)\/c

Q If U(x) o —a/ log(1/x). One has £ < co and by the

corollary , dimy(Z) =0 as..
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Theorem (Excursion measure)

Assume oo regular reflecting (€ < oo & 2\/c < 1). For any
x € [0,00) and g > 0,

nz < /0 : eq”exe(“)du) =ny ( /0 é eqUJL(X,OO)(w(u))du) . (13)

Moreover,

¢ o)
nz </ exe(”)du> :/ efx{n
0 X

2¥(u)
c

o ddy € (0,00]. (14)
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Theorem

Assume oo regular reflecting (€ < oo & 2\/c < 1) and that —V is
not the Laplace exponent of a subordinator. Denote by | the
infimum of an excursion of Z. Its law under nz is given by

nz(/ S a) = ]./52(3),

x 2W(u)

with Sz(a) == [~ %‘{(—Xe_axe_ o Za Y for all a > 0.
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Conclusion of the short course

We have seen two different uses of stochastic duality with respect

to a function:
Ex[H(Xt,y)] = Ey[H(x, Yt)]

@ In the first two talks, we have investigated the flow of CSBPs

X and its Siegmund dual Y := X, the dual function was
Hx,y) = Lixzyy-

The duality was made pathwise by the use of Bertoin-Le Gall's

flow; and related to the genealogy backwards in time.

@ In the last talk; we have used first a duality relationship with
X = Z, the LCSBP, Y = U the W-generalized Feller diffusion
with function

H(z,x) =e*
for studying the LCSBP and its recurrent extensions of the
process past explosion as well as its long-term behavior. We
then use a second dual process V/, Siegmund dual of U, for
studying deeper the process.
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